Introduction and preliminaries
The Calkin-Wilf tree named after Neil Calkin and Herb Wilf. They used this tree in [4] to enumerate rational numbers in a novel approach. The Calkin-Wilf tree is a rooted binary tree, where each vertex (or fraction) has a left and a right child. The vertices of this tree are labeled by fractions. The root node is labeled with 1 1 . If the label of a vertex is a b , then the labels of its left and right children respectively are a a+b and a+b b . We denote gcd(a, b) as (a, b). The following rooted tree is the Calkin Wilf tree (CW-tree) of height 5. Before stating few immediate properties of CW-tree, we need the following notations. Let r = a b be a fraction. Then we denote trace, complexity, simplicity of r as t(r), c(r), s(r) respectively. And they are defined as t(r) = a + b, c(r) = ab, s(r) = 1 c(r) . Most of these observations stated and proved in one of the following [1, 2, 4, 5] , we are giving the proofs for the sake of completeness. Theorem 1.1.
1. Every fraction in CW-tree is in reduced form.
2. Every positive rational number appears uniquely in CW-tree. 3 . At any given level, denominator of any fraction is equal to numerator of its successive fraction (fraction on its right).
i 4. The j th vertex in any given level is the reciprocal of j th vertex form the end of that level.
5.
Every vertex is the product of its children.
6. Product of all the elements in a given level is 1.
7. Sum of simplicities of all elements in a level is 1.
8. Product of complexities of all the elements in a level is a perfect square.
9. Sum of traces of all the elements at a level n is 2 · 3 n−1 10. Sum of complexities at level n is equal to sum of squares of traces at level n − 1.
11. Sum of all elements in a level n is 3 · 2 n−2 − 1 2 . Proof. We prove these results except Part 2 by using Mathematical induction on levels. Proof of Part 1. The only fraction at level 1 is 1 1 and (1, 1) = 1. Assume that all the fractions at level k are in reduced form. Since every fraction (or vertex) at level k + 1 is a children of a fraction at level k. Hence it is sufficient to prove (a + b, b) = 1 = (a, a + b). But this follows immediately from (a, b) = 1.
Proof of Part 2. Existence: Let S be the set of all positive rationals in the simplified form which do not occur in the CW-tree. Assume S is nonempty.
Let D(S) be the set of all denominators of elements in S. Since D(S) is the nonempty subset of N, by well ordering principle it has a least element say b. Let S b be the set of all rationals in S such that whose denominator is b. Again by well ordering principle, the set of numerators of elements of S b has a least element say a. If a b < 1, then its parent a b−a occurs in CW-tree as b − a < b. Now if a b−a is a fraction in the tree, then its left child a b is also a fraction from the tree. Hence we got the required contradiction. Proof is similar when a b < 1. Uniqueness: Let T be the non-empty set of all positive rationals which occur more than once in the CW-tree. Let D(T ) be the set of all denominators in T . Since D(T ) is a non-empty subset of N, from Well-Ordering principle, D(T ) has the smallest element say b. Let D b be the set of elements of T such that whose denominator is b. Let the smallest element in D b is a b . If a b <1, then its parent a b−a occurs at least twice in the tree as a b occurs at least twice. Which is a contradiction as b is the least denominator in T. Similar situation arises if a b > 1. Hence the result follows.
Proof of Part 3. Clearly true for level 2. Assume two consecutive terms at a level k are a b and b c . Then the right child of a b and left child of b c are a+b b and b b+c respectively. And they also satisfying the required property. Hence proved.
Proof of Part 4. Clearly true for the factions at level 1 and level 2. Let a b be the j th vertex from the right and b a be j th vertex from the left at level k. Then at level k + 1, it is easy to see that (2j − 1) th and (2j) th vertex from the left are a a+b and a+b b (children of a b ). And (2j − 1) th and (2j) th vertex from the right are b a+b and a+b a (children of b a ). Thus the result is true for the fractions at level k + 1.
Proof of Part 5. Easy to see.
Proof of Part 6. From Part 5, the product of all elements at level k is equal to product of all elements at level k − 1. By continuing in this order, we get that product of all elements in level k is equal to product of all elements in level 1 which is 1. Also follows from Part 4.
Proof of Part 7. Sum of simplicities of children of a vertex a b is
Hence sum of simplicities of all fractions at any level is equal to the sum of simplicities of fraction at level 1 which is 1.
ii Proof of Part 8. Product of complexities of children of a vertex a b is
Thus the product of all complexities at a level n is d 2 times the product of all complexities at level n − 1.
Proof of Part 9. Sum of traces of children of a b is
Thus sum of traces of all elements at level n is 3 times the sum of traces of all elements at level n − 1. Sum of traces of elements in level 1 is 2. Hence sum of traces of elements in level n is 2 · 3 n−1 .
Proof of Part 10. Sum of complexities of children of a b is
Proof of Part 11. Let a b and b a be fractions at level n − 1. Then sum of children of a b and b a is
Hence the sum of all elements at level n is 3 · 2 n−3 + the sum of all elements at level n − 1. Therefore sum of all elements at level n is 3·2 n−3 +3·2 n−4 +· · ·+3·2 −1 +sum of all elements in level 1 = 3
2 Continued fractions and CW-tree 
is called finite continued fraction, where a 0 , a 1 , . . . , a n are real numbers and also a 1 , a 2 , . . . , a n are positive where as a 0 may be negative. The numbers a 1 , a 2 , . . . , a n are called partial denominators. Such a fraction called simple if all a i ∈ Z.
We denote the continued fraction in the Equation (1) by [a 0 ; a 1 , a 2 , . . . , a n ]. One can prove the following well known result by induction [3] . Its converse can be proved by using Euclidean algorithm.
Theorem 2.1. Every finite simple continued fraction represents a rational number.
Let r ∈ Q, r > 1 and r = [a 0 ; a 1 , a 2 , . . . , a n ]. Then it is easy to see that 1 r = [0; a 0 , a 1 , a 2 , . . . , a n ]. Thus the sum of terms of continued of r is same as that of 1 r . Further if [a 0 ; a 1 , a 2 , . . . , a n ] is a continued fraction with a n > 1, then [a 0 ; a 1 , a 2 , . . . , a n ] = [a 0 ; a 1 , a 2 , . . . , a n − 1, 1]. Thus continued fraction of a rational number is not unique.
Following result provides an interesting property of continued fractions of fractions at a given level in CW-tree.
iii Theorem 2.2. Sum of the terms in a continued fraction of any fraction from the level n of CW-tree is n.
Proof. We prove the result by induction on level number. The only fraction of at level 1 is 1 and whose continued fraction is [1] . Assume the result is for level k. That is if r = a b is a continued fraction at a level k and [a 0 ; a 1 , a 2 , . . . , a n ] is its continued fraction, then a 0 + a 1 + · · · + a n = n. Since every fraction at level k + 1 is a children of a fraction from level k. Hence it is sufficient to prove the result for a a+b and a+b b . Further from Part 4 of Theorem 1.1 we can assume r = a b > 1. Now
1, a 0 , a 1 , a 2 , . . . , a n ],
Hence the result follows.
Let r be a vertex in CW-tree, we denote the unique path from root node 1 1 to r as P (r) and it is of the form R a0 L a1 R a2 · · · L an or L b0 R b1 L b2 · · · R bn . Here R and L indicates right and left directions respectively.
The following result establishes a one to one correspondence between continued fraction and P (r) for any fraction on r of CW-tree. Theorem 2.3. If [a 0 ; a 1 , a 2 , . . . , a n ] is a continued fraction of fraction r of CW-tree, then P (r) is R a0 L a1 R a2 · · · L an or L a0 R a1 L a2 · · · R an depending on n is even and or respectively. Conversely if P (r) ∈ {R a0 L a1 R a2 · · · L an , L a0 R a1 L a2 · · · R an }, then r = [a 0 ; a 1 , a 2 , . . . , a n ].
Diagonals of CW-tree
In this section, we study some sequences called left and right diagonals of CW-tree. Here diagonals are sequence of fractions in the tree which share the relative positions on consecutive levels. In order to study these diagonals we associate two matrices of size n × 2 n−1 to a CW-tree of height n. One of the matrix corresponding to height 4 of CW-tree is denoted by L 4 and here the rows are taken from the first four levels of the figure 1. Another matrix denoted R n is obtained from L n by keeping zero entries as it is and (R n ) ij = 1 (L n )ij if (L n ) ij = 0. If we consider entire CW-tree, then corresponding matrices of infinite size are denoted by L and R respectively.
Nonzero entries from each column of L forms a sequence called left diagonal of CW-tree. The sequence corresponding to first column denoted L 1 is given by 1 1 , 1 2 , 1 3 , . . . or simply ( 1 n ). Hence from definition of R the first right diagonal is R 1 = ( n 1 ). It is clear that it is sufficient to study left diagonals. First few left diagonals are given below.
Matthew Gagne [6] conjectured n th terms for few left diagonals. The following result is in that direction. iv Proof. Let t k,n be the n th element in k th level. We have that the children of t k,n are t k+1,2n−1 (left child) and t k+1,2n (right child). Let t k,n be the first element in L n . Then t k+1,2n−1 and t k+1,2n are the first elements of L 2n−1 and L 2n . By induction, we get that the j th elements of L 2n−1 and L 2n are left and right children of j th element of L n respectively. Hence for n>1 j th terms of L n , L 2n−1 and L 2n are aj+b cj+d , aj+b (a+c)j+(b+d) and (a+c)j+(b+d) cj+d respectively.
Above result can be expressed in terms of tree as follows. 
CW T
Let b n denotes the sequence of numerators of fractions of CW-tree i.e., (b n ) = (1, 1, 2, 1, 3, 2, 3, 1, 4, 3, 5 , . . .). Therefore if t n = bn−1 bn , the the coefficient term of L n+1 is t n .
v Constants: Therefore L n+1 = anj+am bnj+bm . The following results are immediate hence we omit the proofs.
Corollary 3.2. If L n denote the n th left diagonal. Then ∪ i∈N L 2 n i−2 n−1 = (n − 1, n] ∩ Q + . Corollary 3.3. If L n = aj+b cj+d , then ad − bc = −1. Corollary 3.4. The sequence L n converges to t n−1 . Therefore, if r ≥ 0 is a rational, then there exists unique natural number n such that L n converges to r.
The Minkowski question mark function and CW-tree
The Minkowski question-mark function, denoted ?(x) has many strange and unusual properties and is defined by Hermann Minkowski as follows. 
where [a 0 ; a 1 , a 2 , . . .] or [a 0 ; a 1 , a 2 , . . . , a m ] is the (or a) continued fraction of x depending on x is irrational and rational respectively.
It is easy to see that for every r ∈ R, ?(1 + r) = 1+?(r) and [y] = [?(y)], where [b] denotes greatest integer function of b ∈ R. For more properties and to see how one obtains the Minkowski question mark function as the map between the dyadic tree and the Farey tree refer [7] . In this section we see how the Minkowski question mark function acts on CW-tree. Consequently,
Hence ?( a a+b ) = 1 + x 2 n+1 − n+2 2 n+1 as n = 0. 
Thus ?( a a+b ) = 1 + x−(n+2) 2 n+1 . Hence the result.
Recall that in the CW-tree, every positive rational number uniquely identified by a path. Hence we can assume path P as a positive rational number. The following result is a direct consequence of above theorem. The following result shows that sum of all the fractions in a level of the CW-tree is same as the sum of images of Minkowski question mark function on all the fractions of that level. Proof. We prove the result by Mathematical induction. First we show that result is true for n = 2. That is r∈Fn ?(r) = 3 · 2 n−3 + r∈Fn−1 ?(r). We got the same recurrence relation for sum of fraction at a level n of CW-tree [refer Part(11) of Theorem 1.1]. Since both sums have the same recurrence relation and the same starting value, the result follows.
It is easy see that
where L i and 1 2 j−1 are sequences. Hence, we obtain the following tree, when we apply the Minkowski question function on diagonals of CW-tree. Similarly, one can obtain the coefficients tree and the constants tree from above tree as we got for Figure 2. viii
